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Abstract 

Cohomology spaces of the Poisson superalgebra realized on smooth Grassmann- valued func- 
tions with compact support on M. 2n are investigated under suitable continuity restrictions on 
cochains. The first and second cohomology spaces in the trivial representation and the zeroth 
and first cohomology spaces in the adjoint representation of the Poisson superalgebra are found 
for the case of a constant nondegenerate Poisson superbracket for arbitrary n > 0. The third 
cohomology space in the trivial representation and the second cohomology space in the adjoint 
representation of this superalgebra are found for arbitrary n > 1. 

1 Introduction 

The hope to construct the quantum mechanics on nontrivial manifolds is connected with 
geometrical or deformation quantization PP - [I]. The functions on the phase space are 
associated with the operators, and the product and the commutator of the operators are 
described by associative *-product and *-commutator of the functions. These *-product and 
*-commutator are the deformations of usual product and of usual Poisson bracket. 

To find the deformations of Poisson superalgebra, one should calculate the second coho- 
mology of the Poisson superalgebra. 

In jS], the lower cohomologies (up to second) were calculated for the Poisson algebra 
consisting of smooth complex- valued functions on M. 2n . In the deformations of the Lie 
superalgebra of Hamiltonian vector fields with polynomial coefficients are investigated. The 
pure Grassmanian case n = is considered in [7j and |S]. 

In this paper, we calculate the lower cohomologies of the Poisson superalgebra of the 
Grassmann-valued functions with compact supports on R 2n in the trivial (up to third co- 
homology) and adjoint representation (up to second cohomology) for the case n > 2. It 
occurred that the case n = 1 needs a separate consideration which is performed in jHJ. In 
[TU] we consider the central extensions of the algebras considered in this paper. 
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Let IK be either R or C. We denote by T)(M n ) the space of smooth K- valued functions with 
compact support on R n . This space is endowed with its standard topology: by definition, a 
sequence ifk G DiW 1 ) converges to ip G T>(R n ) if the supports of all ipk are contained in a 
fixed compact set, and d x (fk converge uniformly to d x (p for every multi-index A. We set 

= D(R n +) ® G n -, E"; = C°°(R n +) ® G n -, D^ n - = D'(M n +) ® G n -, 

where G n_ is the Grassmann algebra with n_ generators and 2)'(R n+ ) is the space of con- 
tinuous linear functionals on D(R n+ ). The generators of the Grassmann algebra (resp., the 
coordinates of the space R n+ ) are denoted by £ a , a = 1, . . . , n_ (resp., x\ i = 1, . . . ,n + ). We 
shall also use collective variables z A which are equal to x A for A = 1, . . . , n+ and are equal 
to i A ~ n+ for A = n + + 1, . . . , n + + n_. The spaces D™- E™~, and Dj£- possess a natural 
grading which is determined by that of the Grassmann algebra. The parity of an element 
/ of these spaces is denoted by e(f). We also set e& = for A = 1, ... , n+ and = 1 for 
A = n+ + l,...,n + + 7i_. Let 0-(/,#) = (-l) £ (/) £ (f) and a(A,B) = (-l)^ £fl . 

Let d/dz A and 9 /d-r 4 be the operators of the left and right differentiation. The Poisson 
bracket is defined by the relation 

{/, 9}{z) = f^)^ AB ^s9{z) = -*(J, 9){g, /}(*), (1-1) 

where the symplectic metric u AB = — a (A, B)u BA is a constant invertible matrix. For 
definiteness, we choose it in the form 

AR ( U lj \ . . .. . . n t 

uj =( q x 5 ap I , A Q = ±1, i, j = 1, ...,n+, a,/? = 1 + n+ , ...,n_ + n+, 

where is the canonical symplectic form (if K = C, then one can choose A Q = 1). The 
nondegeneracy of the matrix u AB implies, in particular, that n+ is even. The Poisson 
superbracket satisfies the Jacobi identity 

a(f, h){f, {g, h}}(z) + cycled, g, h) =0, f,g,he E™;. (1.2) 

By Poisson superalgebra, we mean the space D"~ with the Poisson bracket (jl.lj) on it. 
The relations (jl.lj) and (jl.2j) show that this bracket indeed determines a Lie superalgebra 
structure on D£~. 

The integral on D™~ is defined by the relation J dzf(z) = J Rn+ dx J d£f(z), where the 
integral on the Grassmann algebra is normed by the condition J d^C, 1 . . . £ n ~ = 1. We identify 
G n ~ with its dual space G' n ~ setting f(g) = J d£ f(£)g(£), f,g G G n ~ . Correspondingly, the 
space of continuous linear functionals on D™~ is identified with the space D'(R n+ )cg>G rt ~ . 
As a rule, the value m(f) of a functional m G D£|~ on a test function / G D™~ will be written 
in the "integral" form: m(f) = J dzm(z)f(z). 

Let L be a Lie superalgebra acting in a Z 2 -graded space V (the action of / G L on t; G V 
will be denoted by / • v). The space C P (L, V) of p-cochains consists of all multilinear super- 
antisymmetric mappings from LP to V. The space C P (L, V) possesses a natural Z2-grading: 
by definition, M p e C P (L, V) has the definite parity e(M p ) if 

e(M p (A, ...,/,)) = e(M p ) + e(/ x ) + . . . + e{f p ) 
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for any fj G L with parities e(fj). The differential d p is defined to be the linear operator 
from C P (L, V) to C p+ i(L, V) such that 

p+i 

<M P (A, f p+1 ) = - ^(-1)^)1^)1!,-+^)^^. . Mp(/l; _ fp+l) _ 

- j^i-iy+^w^-iM^f,, .../,_!, {f u /,}, f t+1 , j-, / p+1 ), (i.3) 

i<j 

for any M p G C P (L, V) and fi, . . . f p +i G L having definite parities. Here the sign" means 
that the argument is omitted and the notation 

K/)ki = !>(/*) 

l=i 

has been used. The differential d v is nilpotent (see [H]), ie., dp +1 dp = for any p = 
0, 1, . . .. The p-th co homology space of the differential d p will be denoted by H v . The second 
cohomology space H^ d in the adjoint representation is closely related to the problem of finding 

formal deformations of the Lie bracket {-, •} of the form {/, g}* = {f,g} + fi 2 {f, g}i + 

The condition that {•, •} is a 2-cocycle is equivalent to the Jacobi identity for {•,•}* modulo 
the ft 4 -order terms. 

In the case of Poisson algebra, the problem of finding deformations can hardly be solved 
in such a general setting, and additional restrictions on cochains (apart from linearity and 
antisymmetry) are usually imposed. In some papers on deformation quantization it is sup- 
posed that the kernels of n-th order deformations {•,•}« are bidifferential operators. In the 
present paper, this requirement is replaced with the much weaker condition that cochains 
should be separately continuous multilinear mappings. It will be shown that this gives rise to 
additional cohomologies. The general form of the deformations of the Poisson superalgebra 
considered in the present paper is found in [T2] . 

We study the cohomologies of the Poisson algebra D™- in the following representations: 

1. The trivial representation: V — K, / • a — for any / G D™- and a G K. The 
space C p (D™-,K) consists of separately continuous antisymmetric multilinear forms 
on (D"~) p . The cohomology spaces and the differentials will be denoted by iff r and 
d* r respectively. 

2. V = D%~ and f-m = {f, m} for any / G D"; and m G D%~. The space C P (D£, D£p) 
consists of separately continuous antisymmetric multilinear mappings from (D™~) p to 
D'™-. The continuity of Me C P (D^, D£-) means that the (p + l)-form 

(A, • • • , /p+i) -> J dzM(f u ...J p )(z)f p+1 (z) 

on (D"-) p+1 is separately continuous. The cohomology spaces will be denoted by H^,. 

3. V = E"; and f-m = {/, m} for every / G D"; and m G E™~. The space C p (D™~, E™;) 
consists of separately continuous antisymmetric multilinear mappings from (D™~) p to 

(the space E™~ is endowed with the topology of the uniform convergence on 
compact subsets of M n+ ). The cohomology spaces will be denoted by H^. 
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4. The adjoint representation: V = D™- and / • g — {/, g} for any /, g e D™-. The space 
C P (D"-,D"-) consists of separately continuous antisymmetric multilinear mappings 
from (D"~) p to D™-. The cohomology spaces and the differentials will be denoted by 
if^d an d dp d respectively. 

For the representations 2 and 3, we shall denote the differentials by the same symbol dp d 
as in the adjoint representation. Note that in the case of the trivial representation, K 
is considered as a graded space whose odd subspace is trivial. We shall call p-cocycles 
Mp, . . . Mp independent if they give rise to linearly independent elements in H p . For a 
multilinear form M p taking values in D"~, E"~, or DJ^, we write M p (z\fi, . . . , f p ) instead 
of more cumbersome M p (f 1 , . . . , f p )(z). 

The main results of this work are given by the following three theorems. 

Theorem 1.1. 

1. Hi ~ K; the linear form M^f) = f = J dz f(z) is the nontrivial cocycle. 

2. Let bilinear forms M\ and Mf be defined by the relations 

M$(f,g)=fg, MUf,g) = J dz(f(z)£ z g(z)-a(f,g)g(z)£ z f(z)), f,g e D£, 
where 1 £ 2 = f 1 - \z A -£* . 

If n_ is even and n + + 4 ^ n_, then H^ r = 0; if n + + 4 = n_, then H^ r ~ K and 
the form Mf is a nontrivial cocycle; if n_ is odd, then if t 2 r ~ K and the form M\ is a 
nontrivial cocycle. 

3. Let n + > 4. and trilinear forms M$, M|, M|, and M| be defined by the relations 

Ml(f,9,h) = Jdzf(z) 9^){j^^ AB ^j Kz) 

Mi(f,g,h) = j dz{f(z),g(z)}h(z), Mi(f,g,h) = fgh, 
Ml(f, 9, h) = fMi(g, h) - a(f, g)gM 2 2 {f, h) + a(f, h)a(g, h)hM*(f, g). 



If n_ is even, n + ^ n_, and n + + 4^n_, then iJ 3 r ~ K 2 and the forms Mg 1 and Mf 
are independent nontrivial cocycle; if n + = n_, then if 3 r ~ K and the form Mg 1 is a 
nontrivial cocycle; if n + + 4 = n_, then if t 3 r ~ IK 3 and the forms Mg 1 , M|, and M| are 
independent nontrivial cocycles; if n_ is odd, then if 3 r ~ K 3 and the forms Mg 1 , Mf , 
and M| are independent nontrivial cocycles. 

Theorem 1.2. 

1. -f/jy ~ i/g ~ K; the function Mo(z) = 1 is a nontrivial cocycle. 
1 The operator £ z is a derivation of the Poisson superalgebra. 
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2. H^, ~ ~ K 2 ; independent nontrivial cocycles are given by 

Ml(z\f) = f, M*{z\f) = E,f{z). 

3. Let n + > 4 and the bilinear mappings M|, M|, Mf, and M| from (D™-) 2 to be 
defined by the relations 

M l 2 {z\f,g) = f( z )(±y*l^\ g(z), Ml(z\f,g) = fg, 

Mi(z\f,g) = gM?(z\f)-<T{f,g)M{z\g), 
Ml(z\f,g)= f du(f(u)E u g(u)-a(f,g)g(u)8.J(u)). 



If n_ is even and n + + 4 7^ n_, then H^, ~ ~ K 2 and the cochains M\ and 
M| are independent nontrivial cocycles; if n + + 4 = n_, then if^, ~ ~ K 3 and 
the cochains M 2 , Mf , and M| are independent nontrivial cocycles; if n_ is odd, then 
H^, ~ ~ IK 3 and the cochains M 2 , Mf and M| are independent nontrivial cocycles. 

Theorem 1.3. 

1. Hl d = 0. 



2. Let Vi be the one-dimensional subspace of Ci(D™-, D£~) generated by the cocycle 
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defined in Theorem 11.21 Then there is a natural isomorphism V\ © (EJJ-/DJJ - ) ~ H\ A 
taking (M 1; T) 6 1^® (E™-/D™-) to the cohomology class determined by the cocycle 
Mi(z\f) + {t(z), f(z)}, where t G E"~ belongs to the equivalence class T. 

3. Let n + > 4. Let V 2 be the two-dimensional subspace of C 2 (D™-,D™~) generated by 
the cocycles M\ and M| defined in Theorem 1 1.21 Then there is a natural isomorphism 
^2 © (E";/D™;) ~ #f d taking (M 2 ,T) G V 2 © (E";/D£;) to the cohomology class 
determined by the cocycle M 2 {z\f, g) - {t(z), f{z)}g + a(f, g){t(z), g(z)}f, where t G 
E™- belongs to the equivalence class T. 

2 Preliminaries 

We adopt the following multi-index notation: 

(z A )"sl, (z A ) k = z M ---z A \ k>l, 

(8a« s i, (n) 1 ^-^, *>i, 

T ...(A) fc ... = y - >: - U..._ r-M+i... = Ai +1 )T- Ai + lAi -, z = 1, . . . , Jfc - 1. 



6 



The ^-function is normed by the relation 

dz'S(z' - z)f(z') = [ f(z')5(z - z')dz' = f(z). 



We denote by M p (. . .) the separately continuous p-linear forms on (D"~) p . Thus, the 
arguments of these functionals are the functions f(z) of the form 

n— 

/(*) = E/<a) fc (s)(e°)*, f(*) k (x)£V(R n+ )- (2-1) 

It can be easily proved that such multilinear forms can be written in the integral form (see 
Appendix [TJ): 



M p (f 1 ,...,fp)= I dz p ---dz 1 m p (z 1 ,...,z p )f 1 (z 1 )---f p (z p ), p = 1,2, ... (2.2) 

and 

M p {z\f u ...,f p )= I dz p --- dz x m p {z\z x , Zp)/i(*i) • • • f P (z p ), p = 1, 2, ... . (2.3) 



It follows from the antisymmetry properties of the forms M p that the corresponding kernels 
m p have the following properties: 

e(m p (*\zi, . . . , z p )) = pn_ + e Mp , 
m p (*\z 1 ...Zi, z i+l ...z p ) = -(-l) n -m p (*\z 1 . . . z i+1 , z { . . . z p ). (2.4) 

For the trivial and adjoint representations of the Poisson superalgebra, the general defini- 
tion (jl.3|) takes the form 



d^Mpif) = - ^(-l)^)W)l^-M p (A, .../«_!, {/,, /,}, f i+1 , f p+1 ), p > 1, (2.5) 

i<j 

p+1 

dfM p {z\f) = ^(-l^^l^l^UM.^IA,...,/,,...,/^), fj(z)} - 



- Y,^) 3+£me{m+1 - 3 - 1 MMf^ -fi-u {ft, fjh fi+i, -> A. -> P = 0, 1, ■ ■ ■ , (2.6) 

where the sign "over the argument means that this argument is omitted. 

The support supp (/) C M n+ of a test function / e D™- is defined to be the union of the 
supports of all /( a ) fc entering in the decomposition (j2.1j) . For m G Dj£~, the set supp (m) is 
defined analogously. Besides, we introduce the following notation 

D? "J (2-7) 
The Poisson superbracket has the following useful property: 

dzf(z){g(z),h(z)} = J dz{f(z),g(z)}h(z) (2.8) 
for arbitrary test functions /, g, h. 
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3 Cohomologies in the trivial representation 

In this section, we prove Theorem 11.11 describing the first, second, and third cohomologies 
in the trivial representation. 



3.1 H tI 



i 

tr 

Let Mi(f) = J dzmi(z) f (z) . Then the cohomology equation has the form 

= -d t {M 1 (f,g) = M 1 ({f,g}) = J dzm x {z){f{z),g{z)} = J dz{m 1 {z)J{z)}g{z). (3.1) 
It follows from ()3.1|) that 



, which implies that 



d 

mAz)-^— = and m 1 (z) = ra x = const. 



We therefore have M\(f) = mi/, e(m\) = n_ +e(Mx), where f = J dzf(z). Obviously, 
these cocycles are nontrivial. 

3.2 Hi 

For the bilinear form M2(f,g) = J dudzm,2(z,u)f(z)g(u), the cohomology equation has the 
form 

= -4 r M 2 (/, g, h) = M 2 ({f, g}, h) - a(g, h)M 2 ({f, h}, g) - M 2 {f, {g, h}). (3.2) 
Let supp(/i) f] [supp(/) UsuPPlfl 1 )] = - Then we have M 2 ({f,g}, h) = or 

dzm 2 (z,u){f(z),g(z)} = =► = 0, (3.3) 

where the hat means that the corresponding form (or kernel) is considered out of the diagonal 
z = u. 

Let Ta(z,u) = dm 2 (z,u)/dz A . Then we have Ta(z,u) = and by Lemma [A5. 21 there is 
a locally finite decomposition 



T A (z,u) = J2(d z c ) q S(z-u)t 

q=0 



5*(t0 



When working with decompositions of this type, we shall always first restrict them to a 
bounded domain, where the summation limit Q can be chosen finite, and then "glue" together 
the results obtained for different domains. In every particular case, the possibility of such 
gluing will be obvious. Everywhere below the summation limit Q is understood as a finite 
number depending implicitly on a chosen bounded domain. 
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By construction, the kernel Ta(z, u) has the property d A T B (z, u)—a(A, B)d B T A (z, u) = 0. 
This implies that 

_d_ 

dz A 



q=Q 



and 



So 



d 

dz A 



)t (O q 

9=0 



0. 



m 2 (z,u) - ^2{d z c ) q 5{z - u)t {c)q {u) = m{u). 

By the antisymmetry of m 2 (z,u), we have m(u) = c = const, e(c) = e(M 2 ). We thus 
obtain M 2 (f,g) = M 2[1 (f,g) + M 2l2 (f,g), where M 2]1 (f,g) = cfg, d*M 2ll (f,g,h) = 0, and 
M 2 i 2 has the form 



M 2l2 (f,g) = Y. / 

0=1 J 



(3.4) 



Because of the antisymmetry of M 2 , the constant c can be nonzero only for odd n_. 

Using integration by parts, we can rewrite the expression (J3.4)) as a sum over odd q only 
and represent M 2 \ 2 (f,g) in the form 



Q , 

M 2l2 (f,g) = J2 / dzm^"(z)(d u A y[f(z + u)g(z-u)}\ u -_ 

9=1 J 

The cohomology equation (|3.2|) now yields 



(3.5) 



£ / ^m^(^)(^)n{/^}(^ + «)^-«)- 

9=1 7 

&){/, MO + u )g( z - w) - /(* + - w)]|«=o = 0. (3.6) 



Proposition 3.1. m^^z) = if q > 1. 

Indeed, let Q > 3. Substituting /(z) = e zpi y2i(;z), 0(2) = e^y^O), and ft, (2;) = 
e~ z ( pi+P2 ^3(z) in the left-hand side of this equation yields a polynomial in pi and p 2 . Equa- 
tion ()3.6|) implies that its homogeneous part of degree Q + 2 should vanish: 



dzTr4 A)< Vl¥>2¥>3[Pl >P2][((Pl +P2)a) Q - (P2A) Q ~ (Pia) 







(here and below [pi,p2] = (—^Y b Pib<^ bc P2c)- This implies the required statement. 
Thus, M 2 |2 has the form 



M 2l2 (f,g) 



>df(z) 



dzm A (z)\2'- dzA 



+ (-1 



d_ 

dz 1 



f(z)g(z) 
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and the equation for m A (z) takes the form 



2 / dzm 2 [ -Q^- h - (T (9,h)-^-g--^ x {g,h} ) 



+ J dzm({f,g}h-a( gi h){f,h}g- f{g,h}) = 0, 

where 

m(z) = (-lf^iz)-^. 
Varying this equation w.r.t. h(z), we obtain 

2[a(A, f){m A f}-^- a(f, g)a(A, g){m A , <?} J^] - m{f, g} + 

+{m,f}g-(x(f,g){m,g}f = 0. 

Putting the coefficients at f(z) and df(z)dg(z) equal to zero, we obtain m(z) d jdz A = 0. 
So m(z) = — m = const, e{m) = n_ + e(M 2 ), and the equation for m A {z) assumes the form 

2m A (z)J Tr oj CB - 2a (A, B)m B (z)^-u OA - muo AB = 0. (3.7) 
oz c oz u 

Multiplying Eq. (Q by (-l) SA uu BA gives 

(4 + n + -n_)m = 0. (3.8) 
To solve Eq. (|3.8|h we have to consider two cases. 

i) Let 4 + n + — n_ 7^ 0. Then m = and by the Poincare lemma we have m A (z) = 

±m 2 (z)D A } e(m 2 ) = n_ + e Mi- 
ii) Let 4 + n + — n_ = 0. In this case, the general solution of Eq. (J3.7j) has the form 



m A {z) = ^mz A + ^m 2 (z)D A . 



Finally, we obtain 



1 _ (-1)™- _ 

M 2 (f,g) = y^c/^ + 



+Sn-n +A m Jdz(f(z)8. z g(z)-a(f,g)g(z)Z z f(z)) + d\ r mi (f,g). (3.9) 
The first two terms in ()3.9j) are independent nontrivial cocycles. Indeed, let 

c/5+^-„ + , 4 m JdzUM*W -*U,M')tJW)=<ZnHU, 9) = -"*({/,»}). (3.10) 
Suppose that 

supp(/)p|supp(^) = 0. 

It follows from ()3.1U|) that cfg = and so c = 0. 

Let g(z) = 1 in a neighborhood of supp(/). Then the Eq. (|3.10|) is reduced to 

m /rf^/ W = 4m/=0 a, ld8 o m = 0, 

i.e. the sum of the first two terms is a coboundary only if c = m = 0. 
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3.3 Hi 

In this subsection we assume that n + > 4. 
The cohomology equation for the form 



M 3 {f,g,h)= / dvdudzm 3 (z,u,v)f(z)g(u)h(v), 



is given by 



dfM 3 (f } g,h,s) = = 
M 3 ({/, g}, h, s) - a(g, h)M 3 ({f, h}, g, s) + a(g, s)a(h, s)M 3 {{f, s}, g, h)- 



-M 3 (f, {g, h}, s) + a(h, s)M 3 (f, {g, s}, h) + M 3 (f, g, {h, s}). 
Let the arguments /, g and h of the form M 3 be such that 

supp(s) p| |supp(/) |Jsupp(^) (Jsupp(fc) 

In this case, the cohomology equation (|3.11|) is reduced to 

m 3 ({/,<?},M = o 



(3.11] 



supp(/i) p| Jsupp(/) |Jsupp(^) 



0. 



d A m 3 (z,u,v) = = d^rh 3 (z, u, v) = d^rh 3 (z,u,v). (3-12) 
The equation ()3.12j) can be solved in the same manner as ()3.3j) . As a result, we have 

M 3 = M 3]1 + M 3 | 2 , 

M 3]1 (f,g,h) = cfgh, e(c) = n_ +e(M 3 ), 



g=0 



M9,h)^[m^(i(d A yf}h,g)-a(f,h)m^(i(d A yh}f,g)} + 



5=0 

Q 

+a(f,g)a(f,h)Y, [m^([(d A )«g)h, f) - a(g, h)m^([(d A yh)g, f)] , 
<?=o 

e{m^") = \e A \ l>q + e(M 3 ). 
Now let the functions in (J3.ll)) be such that 



supp(s) P [supp(/) |Jsupp(^) |Jsupp(/i) 



0. 



Then we have 

Q , 

M 2 (f,g) = J2 dudzm^(z,u) ([(d z A ) q f (z)]g(z) - a(f,g)[(d A y g (z)]f(z)) s(u) 

q=l J 

where s(u) is a fixed function. Acting as in Subsection 13.21 we obtain 

dl*M 2 (f,g,h) = 

m {A)q (z,u) = 0, q > 1. 
As above, we consider cases 4 + n + — n_ 7^ and 4 + n + — n_ = separately. 

3.3.1 The case 4 + n + - n ^0. 



m A (z, u)^u CB - a{A, B)m B (z, u)-^uj ca = 0. 



The form 



T AB (z,u) = m \z,u)-^uj CB - o{A,B)m B {z,u)-^ 5 uj CA 
possesses the property 

f AB (z,u) = 
and, therefore, can be written in the form 



T AB (z,u) = Y, tABl{C)q (u)(dZ) q 6(u-z). 

q=0 

From the definition of T AB (z, u) it follows that 

a(A,C)T AB (z } u)-^uj DC + cycle (A, 5, C) = =^ 
Q 

a(A, C) t m(C)q {u){d u c mu - z)^u DC + cycle(A, B,C) = 



g=0 



Y,t ABm "{u){d u c Y5{u -z) = jrt A ^(u)(d u c y5(u - z)^uj cb - a(A, B)(A - B) 

q=0 q=0 

H A (z, u)^uj cb - a(A, B)fi B (z, u)^^ = 0, ( 

where 

Q 

fi A {z, u) = m A {z, u)-J2 tAKC)q {u)(d%) q 5(u - z). 
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Relation (|3.13|) implies that 



m A (z,u) = ^m(z,u)J^uj BA + ^t A \ {c) "{u){d u c ) q 5{u - z). 



q=0 

We thus have 

M 3 \ 2 (f, g, h) = m({f, g}, h) - a(g, h)m({f, h}, g) + a(f, g)a(f, h)m({g, h}, f) + M 3l2loc , 

N 

m 3 | 21oc = / dz ^'^''^(^([(^nWlK^JWlira'M*)])- 

p,q,i=o 

Substituting this representation for M^\2 in the equation (|3.11J) and choosing the functions 
/, g and h such that 



supp(/) |Jsupp(^)] p| [supp(/i) |Jsupp(f 



0. 



we obtain 

m({f, 9}, {h, s}) + a(f, h)a(f, s)a(g, h)a(g, s)m({h, s}, {/, g}) = 

so 



and therefore 



which implies 



Let 



du [{m(z, u),g(z)}{h(u), s(u)}+ 
( l) n -a(g, h)a(g, s){m(u, z){h(u), s(u)}, g(z)}} = (3.14) 

du [m(z, u) + (— l) n ~m(u, z)\ {h(u), s(u)} = , 







dz B 



d d 

(m{z,u) + (-l) n -m(u,2;))-- F = 0. 



dz B ' ' du c 

d 

T(z, u) = m(z, u) + (-l) n -m(w, z), T B (z, u) = —^T{z, u) 
T BC (z,u) = T B (z,u) 



du c 

Since T BC (z,u) = 0, we can represent the distribution T BC (z,u) in the form 

Q 

T BC (z,u) = J2tBc q ^W A mz~u). 
By the construction of the distribution T BC (z,u), we have 

T BC (z, u)^r - (t(C, D)(C^D) = 0. 



So 



and 



Hence 



and 



t { ${z){d z A y5{z - - *(C, £>)(C7 <-> £>) = 
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g 

du c 



T B (z,u)-J2t ( B )q (z)(d z A ) q S(z-u) 

9=0 



g 

<9-u c 



Q 



T B (z,u) = J2tB )q (zW A ) q 5(z-u)+Mz) =J2 6 ( z - u )( d A) q 4 A)q (u) + Mz) 

q=0 q=0 

We therefore obtain ^uT B (z, u) - a(B, C)(B <-> C) = , or 



g 



Q 



x;^-«)(9i) , 4 A), («)+^) 

.5=0 



-a(B,C)(C ^ B) = 0, 



which yields 

?i «) )«4 A) ' («) - ^(fi, c)-^Yl 6 ( z - u ) (d U A) q 4 A)q («) = 



g=0 



q=0 



and 



Thus 



g=0 

The relation T(z,u) = \{T(z,u) + {-l) n -T{u, z)) gives 



T(*, «) = 2j2t {A) "(z)(d z A yS(z -u) + <p(z) + {-l) n - V {u). 

q=0 



Let 



m'(z,u) = m(z,u) — (— l) n y?(w). 
The distribution m'(z,u), which can be used instead of m(z,u), can be written as 

Q 

m'(z,u) = m-(z,u) + m+(z,u) = mi{z,u) + S ^t^ q {z){d z A ) q 5{z — u), 
m±(z, u) = -[m'(z, u) ± (— l) ra ~m'(-u, z)], m 2 {z, u) = m-(z, u) = — (— l)™~m 2 (-u, z 



14 



We now define the form M 3 | 3 (/, g, h) by the relation 



M 3]3 (f, g, h) = M 3 | 2 (/, g, h) - 4 r m 2 (/, g, h). 

The form M 3 \ 3 (f,g,h) = M 3 \\ oc (f, g,h) is absolutely local, i.e., it can take nonzero values 
only if supp(/) f|supp(5f) Hsupp(/i) ^ 0. 
Finally, we have 

M 3 (/, g, h) = cffh + M 3 , loc (/, g, h) + 4 r m 2 (/, 3, /i), 

l( ^ l(c)i ([(^r/][(^)^][(9 c )^]), 4 r M 3|3l0C = o. 



A? 



M 3 | loc (/,^,/i)= ^ MW>\ 

p,q,l=0 

The solution of the cohomology equation for M 3 | loc uses the results of the next section 
and is described in Appendix [7| Up to coboundaries, it has the following form 



M 3 \i oc (f,g,h) = a dzf(z) 



d 



rUJ 



AB 



d 



dz A dz B 



Hz) 



+ 



b / dz{f(z),g(z)}h(z) 



(3.15) 



where 

a = const, e(a) = n_ + e(M 3 ), b = const, e(b) = n_ + s(M 3 ). 
One can easily check the antisymmetry property 

M 3 \i oc (f, h, g) = -a(g, h)M 3[loc (f, g, h), M 3[loc (g, /, h) = -a(f, g)M 3{loc (f, g, h). 

3.3.2 The case 4 + n + - n =0. 

In this case 

Q Q 

h(z,u)— - = 0, n(z,u) = (-l) SA m A (z,u) 



dz c ' dz A 

n(z,u) = —Ajj,{u), = e(M 3 ) 



Let 



m A (z, u) = [i(u)z A + m' A (z, u), fi'(u) = (-l) £A m' A (z, u) 



d 
dz 1 



rn' A {z,u)^u: CB - a(A, B)m' B (z, u)^cu CA = 0, 
oz° oz° 
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This equation can be solved analogously to equation (|3.13l) : 

M S |a(/, g, h) = 7 (/, 9 ) I dzz A P^g(z) - a(f, g)^f(z) \ p(h) 



-a{g,h)l{fM I dzz A 1 



dzA Hz)-*(f,h)^f(z))»(g) + 



+a(f,g)a(f,h) 1 (g,h) I dzz A 1 



dzA Kz)-a(g,h)^g(z)y(f) + 
+m({f, g}, h) + a(f, g)a(f, h)m({g, h}, f) - a(g, h)m({f, g}, h) + 

N 

+ E ^ {A)p|(B) ^ |(c) '([(9 A )v][(^)^][(9c)^]), 

7(/,y) = (-l) n -+( n -+ E ( M 3))[ £ (/)+ £ (9)]. 

Substituting this expression in cohomology equation (|3.11|) and choosing such function 
/, g, h and s that 



supp(/)(Jsupp(»] p) [supp(/i)|Jsupp(s) 



0. 



we obtain 



7 (/, (?) / dzz A ( - 9)^f(z) ) /*({&, a}) + 



+a(f,h)a(f,s)a(g,h)a(g,sMh,s) / dzz A ( ^ 



sU - 



+m({/> #}> s }) + <r(/> &M/> s)er(flf, h)a(g, s)m({h, s}, {/, #}) = , 
which leads to 



22 y 



-l)"-^, fijcx^g , s)cx(M 3j h)a(M 3 , s)(u A 



- 4g(z))jj(u){h(u), s(u)} 
dh{u) 



du A 



■slu - 



{/iO),#(z)} + 



+{771(2:, u), (7(z)}{A(u), s(«)} + (-l) n a(g, h)a(g, s){rh(u, z){h(u), s(u)}, g(z)} ) = 0. 
Consider the terms proportional to g{z). We obtain 

dun{u){h(u), s(u)} = =>- jj,{u) = jU = const ==>- 



dit[{m(z, u), #(z) s(u)} + (-l) n a(g, h)a(g, s){rh(u, z){h(u), s(u)}, g(z)}] = 0. 
The last equation coincides with (|3.14j) . which is solved above. 
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3.3.3 Independence and nontriviality 

Combining the results of the subsubsections 13.3.11 and 13.3.21 we finally obtain 

3 

M 3 (f, g, h) = cfgh + a I dzf(z) 



9K Z ) 



+ 



where 



+5 4+n+tn _fiU 3 (f,g,h) + b / dz{f(z) } g(z)}h(z) + d t 2 I M 2 (f } g,h) 



U 3 (f,g,h) = (-ir-^fU 2 (g,h) - (-ir-^a(f,g)gU 2 (f,h) + 

+(-l)"-<V a (f,h)a(g,h)hU 2 (f,g), 



(3.16) 



U 2 (f,g) = jdz \z Ad 4^g{z) - aU,g)z Ad9{z 



dz A 



dz A 



Let us discuss the nontriviality and independence of these cocycles. Consider two cases 
n + ^ n_ and n + = n_ separately. 
13. 3.31 1 The case n+ ^ n 

The first four terms in (J3.16)) are independent nontrivial cocycles. Indeed, let us suppose 
that 



cfgh + a dzf(z) 



9W 



9 AB 9 

-u AB 



dz A dz B 



h(z) 



+ bj dz{f(z), g(z)}h(z) + 5 4+n+>n „{iU 3 (f, g,h) = 

= d t *M 2 (f,g,h) = M 2 ({f,g},h)-a(g,h)M 2 ({f,h},g)-M 2 (f,{g,h}). (3.17) 
Let the supports of all three functions in (|3.17|) do not intersect. Then (|3.17|) is reduced to 

cfgh = c = =^ 



a / dzf(z) 



+ b / dz{f(z),g(z)}h{z) + 



+5. 



4+n_|_ ,n. 



-VU 3 (f,g,h) 



= d$M 2 (f, g, h) = M 2 ({f, g}, h) - a(g, h)M 2 ({f, h}, g) - M 2 (f, {g, h}). (3.18) 
If the functions in (13.18)1 are chosen in such a way that 

supp(/) p|supp(/i) = supp(#) p|supp(/i) = 0, 

then ()3.18j) gives 

^ +n+ ,nM-l) n - £{h) oU^{g,h)hU 2 {f ig ) = M^{f,g},h), 
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or, by varying w.r.t. h(v) and taking into account that n_ is even: 
ydf{z 



ji I dz 



^^-g(z)-a(f, 9 )z Ad9(z) 



dz A ^ > w>»; 9z a 
Varying this equation w.r.t. g(z), we have 



dzm 2 (z,v){f(z),g(z)}, n_ = n + + 4. 



2fiz J 



dz A 



-W(z) = {m 2 (z,v)J(z)}. 



Considering the coefficient at f(z) in this equation we obtain 

H = 



a I dzf(z) 



9 AR 9 



h{ Z ) 



+ b / dz{f(z),g(z)}h(z) 



dz A dz B 

M 2 ({f, g}, h) - a{g, h)M 2 ({f, h}, g) - M 2 (f, {g, h}). 



(3.19) 



The equation ()3.19j) is analyzed in the Appendix where it is shown that it has the solutions 
only if a = b = 0. Thus the equation (J3.17)) has the solution only iic = fi = a = b = 0. 
13.3.31 2 The case n + = n . 

In this case, the term b J dz{f(z), g(z)}h(z) is a trivial cocycle (see Appendix[7|). Thus, 
only the first three terms are nontrivial and independent. The proof is completely analogous 
to the case n + ^ ri-. 

4 Cohomologies in the adjoint representation 

In this section, we prove Theorems II .21 and II .31 We assume that the forms under considera- 
tion take values in the space A, where A is one of the spaces D'™_^ , E™- , or D™~ . 

The cohomology equation for the form Mq(z) G A is given by 

= dfM (z\f) = -{M (z), f(z)} M (z) = m = const. 
If Mo G D"~, then we have itlq = 0. 

4-2 Hi, 

For the form M\(z\f) = J du rrii(z\u) f (u) G A, the cohomology equation has the form 
dfMMfiQ) = -<r{f,9){Mi(z\g),f{z)} + {M 1 (z\f), g(z)} - M 1 {z\{f,g}) = 0. (4.1) 
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Suppose that z H SU PP(/) — Z C\ su PP(fiO = (here and subsequently, z D . . . and z U . . . 
mean {x} D . . . and {x} U . . . respectively). Then we have Mj.(z|{/, g}) = and, therefore, 

rh\(z\u) d jdu A = 0. This equation is analogous to ([3.3)1 . and we have 

Q 

mi(«|«) = m x {z) + ^2t {B)q {z){d z B ) q 5{z - u), m x {z) e A. 
Hence it follows that 

Q 

M 1 (z\f)=m 1 (z)f + Y,t {B)q (z)(d Z B ) q f(z) 

q=0 

(sign factor, which does not depend on /, is omitted). 

Let zf)supp(g) = supp(/) P|supp(<7) = - Then {f(z),mi(z)}g = 0. This means that 
mi(z) = mi = const, e(mi) = n_ + e(Mi). If .4. = D™~, then mi = 0. We thus have 

Q 

M 1 {z\f) = mJ + ^i^WWW, ^(t (B)9 ) = e(M0 + 
To find the local part 

Q 

q=0 

of Mi, which in its turn satisfies ()4.1|) . we set / = exp(z A pA) and g = exp[z A kA) in some 
neighbourhood of z. Then the cohomology equation for this local part takes the form 

[F(z\p) + F(z\k) - F(z\p + k)] [p, k] + {F(z\p), zk} - {F(z\k), zp} = 0, (4.2) 

where 

Q 

F(z\p) = J2t {B)q (z)(PB) q , 

[p, k] = {—l) SA pA0J AB kB = — [k,p]. Consider the terms of the highest degree w.r.t p and k 
in this equation: 

[F Q (z\p) + F Q (z\k) - F Q (z\p + k)} \p, k] = 0, (4.3) 

where F Q (z\p) = t {B ^(z){p B ) Q ■ It follows from Eq. (JOJ) that F Q (z\p) = 0, Q > 2 or 
F(z\p) = t°(z)+t B (z)p B . Further, Eq. (jOl rives t°(z) [v. k] + {F(z\n). zk} — {F(z\k). zv} = 
0, or t°(z)*d /dz A = 0, t A (z)D B - cr(A,B)t B (z)D A = -t°iu AB , which implies t°(z) = t° = 
const, e(t°) = e(M 1 ), and t A (^) = -\t Q z A - t(z)D A , e(t(z)) = e(M l ). 
Thus, the general solution of the cohomology equation (|4.1|) is 

M 1 {z\f) = mj + t°E z f(z) - {t(z), f(z)}. 
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The first two terms in this expression are independent nontrivial cocycles. Indeed, assume 
that 

mJ+t°E z f{z) = dfq(z\f) = -{q(z),f(z)}. (4.4) 
Let z H SU PP(,/) = 0- Then (|4.4J) gives rriif = 0. So mi = and 

t° fl-^^rl f(z) = -{g(z)J(z)}. 



2 dz A , 

Considering the coefficient at f(z) in this relation, we obtain t f(z) = or t° = 0, i.e., the 
relation (|4.4jl is satisfied only if mi = t° = 0. Evidently, if M\{z\f) G D"~ for any /, then 
mi = 0. 

Let us discuss the term —{t(z),f(z)}. Is this expression a coboundary or not? The 
answer depends on the functional class A in which the considered multilinear forms take 
their values: 

A = D^~. In this case t(z) G and the form — {t(z), f(z)} is exact. 

A = EJJ- In this case G E^ + ~ and the form — {t(z), f(z)} is exact. 

.4 = D£- In this case the condition {t(-z), /(^)} G D™- gives the restriction t(z) G 
E™ _ only, and the form — {£(2), /(^)} is exact if and only if t(z) G D™~. So the forms 
—{t(z), f(z)} are independent nontrivial cocycles parameterized by the elements of quotient 
space E™- 

4-3 Hl A 

For the bilinear form 

M 2 (z\f,g) = J dvdum 2 (z\u,v)f(u)g(v) G A, 

the cohomology equation has the form 

= d?M 2 (z\f : g : h) = 

= a(g, h){M 2 (z\f, h),g(z)} - {M 2 (z\f, g), h{z)} - a(f, gh){M 2 (z\g, h), f(z)} - 
-M 2 (z\{f, g}, h) + a(g, h)M 2 (z\{f, h}, g) + M 2 (z\f, {g, h}). (4.5) 

To solve Eq. (|4.5|) . we use the following sequence of propositions. 
Proposition 4.1. M 2 (z\f,g) = M 2 \ 1 (z\f,g) + M^ 2 (z\f,g)+M* [2 (z\f,g), where 

M 2{l (z\f,g) = cfg, e(c) = e(M 2 ), d?M 2]1 {z\f, g,h) = 0, (4.6) 
Q 

M 2 1 |2 (^|/,^) = ^m 1 ^(z|[(^)V(^-a(/,^)[(^)^(z)]/), (4.7) 

q=0 

Q 

M 2 \ 2 (z\f, g) = J2 ™ 2{A)q (*l [(dA) q f]g - <r(f, g){d A ) q g]f), (4.8) 

9=0 

and the parities of the linear forms m l,2<yA ' >q (z\-) are given by 

e ( m i.2(A) 9 ) = £ ( Mz ) + | £a | m + n _ (49) 
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Due to antisymmetry of bilinear form the constant c can be nonzero only ifri- is odd. 

To prove this proposition, it suffices to consider equation (|4.5|) in the following two 
domains: 



P| supp(/) |Jsupp(^) |Jsupp(/i) = Bupp(/) p| supp(^) (Jsupp(/i) 







and 



P| [supp(/)|Jsupp(^) =supp(/)p) ^supp(^)|Jsupp(/i) = supp(#) p|supp(/i) = 0. 
Proposition 4.2. If n + >A then 



MZ\Mf,9) = K-MnM*) J du (f(u)Z u g(u) - o-(f,g)g(u)Z u f(u)) + d?((z\f,g) + ... , 

where the dots stand for the terms which can be included into Mh 2 . 
To prove this proposition, consider Eq. ()4.5|) in the domain 

Z p| [supp(/) [J SUpp(g-) [J SUpp(/i) = 0, 

where Mh 2 {z\f , g) is identically zero. Using the results of the subsection 13.21 we obtain 
M 2 2]2 m9)= f dum 2A {z\u) (^9(u)-a(f,g)^f(u) 



and the vector m (z\u) satisfies the equation 

1) 



2m 2A (z\u) 



du c 
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CB 



2a(A,B)m 2B (z\u 



d 



du c 



CO 



CA 



h{z)uj 



AB 



and fi(z) = — m 2A (z\u)J^x(— 1) 6A , e(n) = e(M 2 ) + n_, does not depend on u. It follows from 
this equation that (4 + n + — nJ)n(z) = 0. Now we consider 2 cases: 

i) f/,(z) = 0. Since n + > 4, the Poincare lemma implies that m 2A (z\u) = — ^((z\u)Df 
plus terms with support on the plane z = u. We assign these terms to M 2 1 | 2 . 

ii) 4 + n + — n_ =0. In this case, we have m 2A (z\u) = —\[i(z)u A — ~(,(z\u)D A plus terms 
with support on the plane z = u. We assign these terms to Mh 2 . 

Proposition 4.3. If n + > A, then the kernels of the linear forms m 1 ^ A ' q (z\-) from 
Proposition ^. 1\ have the form 



m L(A)0 (z\u) = a(u); m L(A)q (z\u) = for q > 2, 

1 9" 

m 1A (z\u) = --a(u)z A + m l (z\u)-^- d uo CA + m\ oc , e{m l ) = e(M 2 ) + n_, 

where a(u) and m}(z\u) are some generalized functions and m\ oc is a generalized function 
with support in the plane z = u. 
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To prove this proposition, it suffices to consider equation (J4.5j) in the domain 

|Jsupp(/)|Jsupp(^) P|supp(/i) = 



and note that this equation can be solved in the same way as ()4.2|) if the variable u is viewed 
as an external parameter. 

Proposition 4.4. fi(z) from Proposition ^.^ and a(u) and m x {z, u) from Proposition ^. 3\ 
have the form a(u) = a = const, [i(z) = fi = const, and 

m\z\u) = ^(d z c ) q 5(z - u)t^ c) "{u) + b{z) + c{u). 

Let \z 1J supp(/i)] f] [supp(/) U SU PP(50] = - Choosing h{u) = const in a neighborhood 
of z, we obtain a{u) = const. Choosing f{u) = const in a neighborhood of supp(g), we find 
that n{z) = const. We therefore have 

9 - U I ^ ^ n 
-m (z\u) - „ = (J, 



dz A du B 

and Proposition 14.41 is proved. 

Substituting the expression for m l (z\u) in the expression for M^ 2 , we find that the 
contribution of c(u) is cancelled and b(z) gives a contribution only to pure differential. 

The results of Prop osit ions 14 . 1 1 - 14 . 41 are summarized in the following lemma. 

Lemma 4.1. If n + > 4, then the general solution of equation <\4-5\) has the form 



M 2 (z\f, g) =cfg + a J du[E z f(z)g(u) - a(f, g)E z g(z)f(u)] + 

+5 n _,4+„ + /i J du (f(u)8, u g(u)-o-(f,g)g(u)8, u f(u)) + dfC 2 (z\f,g) + M 2 \i oc (z\f,g), 

e(o) = e(M 2 ) + n_, e(fi) = e(M 2 ) + n_, 

where c, a, and fi are some constants and c = for even n_. 
The local bilinear form M 2 n oc (z\f, g) has the form 

N 

M 2]loc (z\f,9) = ^(-l) £(/)|£fl|l -m^l^(z)[(^r/(z)](^)^(z), (4.10) 

p,q=0 

m (B) q \(A) p _ _r^\\e A \l,p\EB\i,q m (A) p \(B) q ^ m (A) \{B) _ (4-H) 

e(m {A)MB) ") = e{M 2 ) + | £a | 1)P + |e B |i, g , 

and satisfies the equation 

d?M 2{loc {z\f,9,h) = 0. (4.12) 

To solve equation (|4.12|h we use the method of the work [S]. Let x G U, where U C M n+ 
is some bounded domain. For the functions of the form 

f(z) = e zAk *f (z), g(z) = e* Al *g (z), h(z) = e zArA h Q {z), e(k A ) = e(l A ) = e(r A ) = e A , 
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where k, I, and r are new supervariables and fo(z) = g$(z) = h (z) — 1 for x E U (z — (x, £)), 
equation (J4.12j) assumes the form 

[k, l]^(z\k, I, r) + {ip{z\k, I), zr} + cycle (fc, I, r) = 0, (4.13) 

where 

ty(z\k,l,r) = ip{z\k + l,r)- i>(z\k,r) - ip(z\l,r), (4.14) 

N 

i[>(z\k, l)=J2 ™(z) {Ahmq (kA) p {lB) g = -i>(z\l, k) , (4.15) 

p,q=0 

and the notation [k, I] = (—l) £A k A u AB lB introduced in the preceding subsection has been 
used. By the antisymmetry property, we have ip(z\0,0) = 0. We note that 

{f(z),z A PA } = f(z)D A p A . (4.16) 

It is useful to write down the expression for the local form, which is a coboundary (the 
differential of the 1-form with the kernel t^ p (z)d B S(z — u)): 

M 2]tliY (z\k, I) = {t(z\k), zl} - {t(z\l), zk} - T(z\k, l)[k, /], (4.17) 

where 

K 

T(z\k,l)=t(z\k + l)-t(z\k)-t(z\l) and t(z\k) = ^t {A)p {z){k A y . 

p=0 

We introduce the lowest degree nitrations V p and V pq of polynomials. 
Definition. 

V p = {f(k) EK[h,...,k n++n _] : 

3g E K[a, k\, k n++n _] f(ak) = a p g(a,k)}, (4.18) 

, l\ , . . . , /n++n_ ] • 

3g E K[a,(3, k x , k n++n _,l x , —,ln++n-] fi ak >P l ) = <y p (3 q g(a, (3, k, I)}. (4.19) 

We obviously have V PA C V r ^ s for p > r and q > s. It is also clear that fg E V p+r:q+s for 
/ E V Pj g and g E V r ^ s . Analogous relations are valid for V p . 

To simplify equation ()4.13|) . we represent the polynomial ip(z\k,l) ()4. 15|) in the form 

^(z\k, I) = t (z\k) - t (z\l) + t AB (z)k A l B + t A {z\k)l A - t A {z\l)k A + <f(z\k, I), (4.20) 

where t (z\k) E Vi, t A (z\k) E V<2, and ip(z\k,l) E 7^2,2 ■ We have the following propositions: 
Proposition 4.5. t (z\k) — to(z\l) = dt(z\k, I) + [k, l]t(z), where t(z) E A, and the linear 

form t(z\f) is given by t(z\f) = —t(z)f(z). 

Setting r = in equation ()4.13|) . we obtain [k, l](to(z\k + I) — io^l^) — to(z\l)) — 

{to(z\k), z A l A } + {t (z\l), z A k A } = 0. This equation coincides with equation ()4.2|) solved 
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in the preceding section and its solution is t (z\k) — a (l — i)-/^)z A k A ) + {t( z ), z A k A }. It 
follows from the condition t (^|0) = that a = 0, which implies the required statement. 



Proposition 4.6. If n + > 4, then the term t (z\k) — t (z\l) + tf B (z)k A lB i n U-^M ) 



is a 



coboundary. 

By Proposition 14.51 we can write t (z\k) — to(z\l) + t AB (z)kAlB = dt(z\k,l) + t AB (z)kAl B - 
The terms in (I4.13j) linear in k, I, and r yield 



a(C, A)tfi (z) D + a (A, B)t i± (z) D a (B ,C)t (z) D = 0. (4.21) 

In view of the antisymmetry property t AB (z) = — cr(A, B)tf A (z) this equation implies for 
n+ > 4 that a (A, B)t AB (z) = p A {z)D B — p B {z)D A with some vector-function p (z). We 
thus obtain i AB (z)kAlB = {p( z \k), zl} — {p(z\l), zk}, where p(z\k) = p A [z)kA- This coincides 
with (I4~T7I) . 

Proposition 4.7. Up to a coboundary, t A (z\k)lA — t A (z\l)kA G 7*2,2- 
By Propositions 14.51 and 14.61 we can assume t (z\k) — t (z\l) + t AB {z)k A ls = 0. The 
terms in (J4.13|) linear in Z and r give the equation t A (z\k)D B -a(A, B)t B (z\k)D A = which 
implies that tf(z\k) = t(z\k)D A and t A (z\k)l A - t A (z\l)k A = {t(z\k),zl} - {t(z\l),zk}. We 
therefore have t A (z\k)l A - t A (z\l)k A = {t(z\k),zl} - {t(z\l),zk} - (t(z\k + I) - t(z\k) - 
t(z\l))[k,l] + (t(z\k + I) - t(z\k) - t(z\l))[k,l] = dt{z\k,l) + <p t (z\k,l), where ip t {z\k,l) = 
(t(z\k + I) — t(z\k) — t(z\l))[k, Z] G 7*2,2- Thus, up to coboundary, we have 4>(z\k, Z) G 7*2,2- 
From now on, we assume that ip{z\k, £ 7*2,2- 

Proposition 4.8. The polynomial ijj(z\k, I) , ip{z\k,l) G 7*2,2, does not depend on z. 
Indeed, the linear in r terms in equation (J4.13|) give {ijj(z\k,l), zr} = 0, which implies 
the statement of the proposition. 
Equation (j4.13|) is reduced to 

[k, l]V(k, Z, r) + [I, r]*(Z, r, k) + [r, fc]tf (r, fc, Z) = 0, (4.22) 



(Jfe, Z, r) = ^(Jfe + Z, r) - ^(Jfc, r) - ^(Z, r), (4.23) 

where 

AT 

^(jfe,/) = mW>\W*(k A ) p (l B ) q = -i/>(l,k). 

p,q=2 

In the case when there are no odd variables (n_ = 0) and n + > 4, equation ()4.22|) was 
solved in [5] and its general solution has the form 

ip(k, I) = c([k, I}) 3 + [k, 1} (<p(k + Z) - ip(k) - <p(l)), (4.24) 

where c is an arbitrary constant and (p(k) is an arbitrary polynomial satisfying the condition 2 

2 This form of the general solution remains valid also for n + — 2, but this fact requires a separate proof. 
Such a proof is given in [5] . 
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4.3.1 The solution of equation 

Theorem 4.1. Let n + > 4, n_ > 0, and ip(p, q) be a polynomial with the property ip(p, q) = 
-ip(q,p) e V 2 ,2- Let 

^(p, q, r) = ip{p + q,r) — ip(p, r) — ip(q, r). (4-25) 
Then the general solution of the equation 

[p,q]^(p,q,r) + [q, r]\l/(g, r,p) + [r, p] \1> (r, p, q) = (4.26) 

has the form 

ip(p,q) = c([p,q}) 3 + \p,q](<p(p + q) - (p(p) -<£>(?)), (4.27) 

where [p,q] d = (— l) 6A pA^ AB qB, c is an arbitrary constant, and (p(p) is an arbitrary polyno- 
mial satisfying the condition ip(p) e V\. 

The proof of this theorem can be obtained by induction on the number of odd variables 
n_ (see [9 ). Here we present a proof similar to that given in [3] for the purely even case. 
This proof is based on the lemmas IA2.1I and IA2.2I of Appendix El and on the following two 
propositions. 

Proposition 4.9. If n + > A, then the solution of equation [J^.2b\ has the form 



ip(p,q) = \p,q]g(p,q), (4.28) 

where g is a polynomial such that g(p, q) = g{q,p) € Pi,i- 
Proof By Lemma IA2.21 it follows from that 

ip(p + q,r) - if)(p,r) - ip(q,r) = [r,p]Q(p,q,r) + [q,r)P(p,q,r), (4.29) 

where P and Q are polynomials. We apply the operation d qA \ q= o to ()4.29|) . We have 

d PA ^(p,r) = r A P(p,0,r) + [r,p]dq A Q(p,q,r)\ q=0 = 

= d PA {[p,r]P(p,0,r)) - [p,r]d PA P{p,0,r) + [r,p]d qA Q{p,q,r)\ p=0 , (4.30) 

where r A = (— 1) u; 7"b. We hence obtain 

d PA (ip(p,r) + \p,r)P(p,0,r)) = [p, r](-d PA P(p, 0, r) + d qA Q(p, q, r)\ g=0 ). (4.31) 

Equation (J4.31)) has the form d PA F(p,r) = [p, r]G A (p, r), which implies that N p F(p,r) = 
\p,r]pAG A (p,r), where N p = Pa9 Pa is the Euler operator with respect to p. Obviously, the 
solution of this equation has the form F(p, r) = [p, r]H(p, r) + I(r), where H and I are some 
polynomials. We therefore have ip(p,r) = [p, r]g(p, r) + h(r) with some polynomials g and 
h. Because ip(0,r) = 0, we have h(r) = and hence ip(p,r) = [p, r]g(q, r). 

Proposition 4.10. The polynomial g(p, q) from Proposition ^ 9[ has the form 

g(p, q) = v(p + q)- <p(p) - v(q) + F(\p, q] 2 ), (4.32) 

where tp and F are some polynomials such that ip, F 6 V\. 



25 



Proof. Substituting expression (|4.28|) in equation (|4.26j) . we obtain 

M {[q,r] - [r,p])W(p,q,r) = [r,p] (\p,q\ - [q,r])W(q,r,p), (4.33) 

where W(p, q, r) = g(p + q, r) — g(q + r, p) + g(p, q) — g(g, r). Using Lemma lA2 .11 twice, we 
find that 

W(jp, g,r) = [r,p] [r + p, g] U(p 1 q 1 r) 1 (4.34) 

where [/ is a polynomial such that U(p,q,r) = U(q,r,p). It follows from the property 
W(r, q,p) = —W(p,q,r) that U(r,q,p) = U(p,q,r), i.e., U is a symmetric polynomial. 
Applying the operator d rA \ r=0 to the relation 

g(p + q,r) - g(q + r,p) +g(p,q) - g(q,r) = [r,p] [r + p, q]U(p, q,r), (4.35) 

we obtain (p A (p + q) - d QA g(p,q) - (p A (q) = p A \p,q]U(p,q,0), where (p A (q) = d rA g(q,r)\ r=0 , 
and finally 

d qA g{p, q) = V A (p + q)- V A (q) - p A [p, q]U{p, q, 0). (4.36) 

It follows from the condition d qB d qA — a (A, B)d qA d qB = that 

d qB <p A (p + q)- d qB cp A {q) + a(A, B)p A p B U(p, q, 0) - a (A, B)p A \p, q] d qB U(p, q, 0) = 

= (a(A, B)d qA ip B (p + q)- a(A, B)d gA p B (q)+ 

+p B p A U(p, q, 0) - p B [p, q] d qA U(p, q, 0)) , (4.37) 

and we have 

d qB & A {p + q)- V A {q)) ~ a(A, B)d qA {<p B {p + q) - V B (q)) = 

= [p, q] (a(A, B)p A d qB - p B d qA )U(p, q, 0). (4.38) 

Let q = 0. Then ijPBfr gives d PB ip A {p) - a(A, B)d PA tp B {p) = C BA - a(A,B)C AB , where 
Cab = d PA (p B (p)\ p=0 = d PA d qB g(p, q)\ p = q = = a(A, B)C BA because g(p, q) = g(q,p). We thus 
obtain d PB <p A (p) — a (A, B)d PA (p B (p) = and ip A (p) = d PA ip(p), where ip is a polynomial. 
Equation ()4.38|) assumes the form 

(p A d qB - a(A, B)p B d qA )U(p, q, 0) = (4.39) 

By Lemma TA4.ll it follows from ()4.39j) that d qA U(p,q, 0) = p A V(p,q), where V(p,q) is a 
polynomial, and in view of Lemma [A3. II we have 

U(p,q,0)=H([p,q}), (4.40) 

where if is a polynomial. Relation (J4.36|) now assumes the form d qA g(p, q) = d qA ip(p + 
q) ~~ dqA^iq) ~ P A [P> q]H(\p,q]). It hence follows that g(p, q) = <p(p + q) — <p(q) — ip(p) — 
K(\p>q]) + L(p) with some polynomials K and L. The condition g(p, 0) = gives L = 0, 
and the condition g(p, q) = g(q,p) gives K = F(\p, q} 2 ). 
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Proof of Theorem \4-l\ We have established that the solution of equation (J4.26)) has the 
form 

V>(p, q) = [p, q] F(\p, qf) + ^i(p, q), (4.41) 

where 

q) = \p, q] (<p(p + q)- <p(p) - v(q))- (4.42) 

The polynomial ipi satisfies equation (|4.26|) for an arbitrary polynomial tp G V\ and, there- 
fore, [p, q] F(\p, qf) also satisfies this equation. Obviously, the homogeneous parts of the 
polynomial ip = [p, q] F(\p, q} 2 ) of all powers in [p, q] should satisfy equation ()4.26|) . It is easy 
to verify that i/) = [p, qj 2n+1 satisfies f!4.26|) only if n = 1. 

Thus, the general solution if)(k, I) of equation (|4.22|l is indeed of form (|4.24|l and the 
general solution of cohomology equation (|4.5jl has the form 

M 2 (z\f,g) = Cl f{z)i^uJ AB -^\ g( z ) +C2 fg + c 3 [8, z f(z)g-a(f,g)8, z g(z)f} + 

+ S n _ A+n+Ci J du(f(u)E u g(u)-a(f,g)g(u)ZJ(u)) + d?((z\f,g). (4.43) 
It is easy to verify that c 2 = C4 = if M 2 e D^~- 
4.3.2 Independence and nontriviality 

The first four terms in expression (|4.43|) are independent nontrivial cocycles. Indeed, suppose 
that 

Clf{z) {^ ujAB ^) 9{z) + + C ^ zf ^ g ~ a ( f > 9)^g{z)f] + 

+5n_,4+«+ c 4 J du(f(u)£ u g{u) - a(f, g)g(u)E u f(uj) = 
^dfCm9)^Mf,q){C(z\g)J(z)}+{C(z\f),g(z)}-C(z\{f,g}). (4.44) 

Let the supports of the functions / and g satisfy the condition z f] supp(/) = z f] supp(g) = 
supp(/) P| SU PP(50 = - Then we have c 2 fg = =>- c 2 = 0. Further, if z P|supp(g) = 
supp(/) P| supp(g) = 0, then we have c 3 8, z f(z)g = —cr(f, q){((z\g), f(z)}. This implies that 
c 3 = and ((z\u) = a(u). Let ^Psupp(/) = zf)supp(g) = 0. In this case, we obtain 

5n_,4+n + c 4 / du{f(u)E u g(u) - a(f,g)g(u)E u f(u)) = -({z\{f,g}). 



Varying this equation with respect to g(u), we find that 

d_f{u 
du A 



8 n _ Mn+ c A [ 2u A ^- - 4/(u) ) = {C(*|«), /(«)}, 
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which implies that C4 = and 



Q 



C(z\f) = af + Y^t {D ^(z)(df } yf(z). 

9=0 



Equation ()4.44|) thus assumes the form 



*{f,9) J2tM«(z)(d* D yg(z),f(z) + £i^W(«) I ff( 



.9=0 



9=0 



J2tW«(z)(d* D y{f(z),g(z)} = Cl f(z) (^ AB 

9=0 \ 



d_ 

dz B 



g(z). (4.45) 



We substitute the functions / and g of the form 

in equation (|4.45|) . where </?(:r) — 0(^) = 1 for x belonging to some bounded domain U C M. n + 
(z = (x, £)). In this domain, equation (|4.45j) gives 

{T(z\p), zr} — {T(z\r), zp} + (T(z\p + r) — T(z\p) — T(z\r))\p, r] = — ci[p, r] 3 , (4.46) 

where 

Q 

T{z\p) = Y,t [D)q {z){PD) q - 

9=0 



Applying the operator d / dr A 



to this equation yields 



r=0 



T(z\p)D A = r AB (z)p B 



where 



t ab ( z ) = -T(z\0)(-1) a lu ab + T(z\r) 3 /3r A 



A, AB 



D B and D A = d /dz B uj 



B , ,BA 



r=0 



As a consequence, we have T(z\p) = T A [z)p A + T{p). Substituting this expression in ((4.46(1 . 



we see that the terms belonging to V% give the equation (T(p + r) — T(p) — T 
—Ci[p, r] 3 or T{p + r) — T(p) — T(r) = —C\[p, r] 2 . Applying the operator d /dr A 



{r))\p,r] = 
to this 



equation yields dT(p)/dpA = f A , where f A = dT{r)/dr A 



r=0 



which implies that T(p) 



r=0 



F(0) + T A p A and, therefore, c\ = 0. 

Thus, equation (|4.44jl has a solution only if c\ = c 2 = c 3 = c 4 = 0. 
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4.3.3 Exactness of the form df d ((z\f, g) 

We now discuss the term dl d ((z\f, g) in expression (J4.43)) : 

dfCm9)^{mf),9(z)}-a(f,g){C(z\g)J(z)}-C(z\{f,g}). 

This form is a coboundary if M 2 (z\f,g) and C{z\g) belong to the space A. 

1) A — D^j. In this case, ((z\g) G T)'™- and the form dl d ((z\f, g) is exact (trivial 
cocycle). 

2) A = E™- In this case, ((z\g) G E™- and the form df d ((z\f, g) is exact (trivial cocycle). 

3) A = D™-. In this case, the condition dl d ((z\f, g) G D™- gives (see Appendix EJ) 

CW) = Cn(z\f) + C(z)f, (D(z\f)en n n - + , C(z)eK- + - (4-47) 

The bilinear form dl d ((z\f, g) can therefore be represented in the form dl d ((z\f, g) = 
M 2 \ D {z\f,g) + M 2 \c{z\f,g), where M 2 \ D {z\f, g) = df( D (z\f ', g) is an exact form and 
M 2 \c(z\f,g) = {f(z),C(z)}g - a(f, g){£(z), g(z)}f is a nontrivial cocycle parameterized 
by the function classes in ™n+/~D™-- 

Appendix 1 

The space G ni ~ ® . . . ® G nk ~ is naturally identified with Q n ^-+-+ n ^- by setting 
(01 <8> . . . ® # fe )(0 = 0i (£0 . . .#*(&), ^ e G n '-, j = 1, . . . , k. 
Analogously, for (fj G D(R n j) and G D^~, we set 

(ipx ® . . . ® </?*:) (z) = V^i^O • • • <fk(xk), (fi ® • • • ® /fc)( 2 ) = /i(^0 • • • 

For G G n ~ and G 2)(R n+ ), the element p <8> of the space D™~ will be denoted by 

Lemma Al.l. (kernel theorem). For every separately continuous multilinear form 
M on D"i- x ... x T>n h k +, there is a unique generalized function m G ^ni++.'.'.+nh+ suc ^ 

M(fi, . . . , f k ) = J dz h ...dzi m(zi, z k )fi{zi) . . . fk(zk) (Al.l) 

/oro7iy/ 1 eD^ ;> ...,/ fe GD^. 

Proof. It suffices to consider the case k = 2. The uniqueness of m follows from the 
density of D£J- ®D^~ in D"J;J^" which is ensured by the density of I>(R ni +) <g> £>(R n2 +) in 
T>(R ni++ni +). We now prove the existence of m. For every pair (p x G 2)(R ni +), ^2 G D(R™ 2 +), 
we define the continuous bilinear form M tpijtp2 on G ni - x G™ 2_ by the relation 

M vuva {g U 92) = M& igi ,<p 2 g 2 ), g lj2 G G" 1 - 2 ". 

This form uniquely determines a linear functional m lfiltlfi2 on G ni_+n2 ~ such that Tn^^gi <g> 
2 ) = M V i >(p2 (gi, g 2 ). Clearly, the mapping (^1,^2) ^ rn vltVa {g) from 2)(R ni +) x 2)(R™ 2 +) 
to K is bilinear and separately continuous for any g G G ni ~ +n2 ~ and by the standard kernel 
theorem for generalized functions (see, e.g., ^3], Theorem 5.2.1), there is a unique generalized 
function fi g G D'(R ni + +n2+ ) such that ^ g ((fi0p 2 ) = m Vljip2 (g) for any cp 1;2 G £>(R ni - 2 +). The 
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density of r D(W ll +) <g> D(R n2 +) in T>(R ni + +ni +) implies that the mapping g -> ^(y?) is linear 
in g for any fixed <p E D(IR ni + +ni +). Hence, there is a unique \i E D(R ni + +ni +) <g> G ni -+ n2 - 
such that fji(<pg) = fi g {tp) for any <p E D(R ni + +ni +) and g E G ni - +n2 ~ . For any f x E D£- and 
/ 2 G D^+) we have [i(fi ® / 2 ) = M(fi, / 2 ) and, therefore, m = satisfies (jAl.lj) (here, 

L is the natural isomorphism between ~D'™~ and the space of continuous linear functionals 
onD^). 

Appendix 2 

In this appendix, we derive Lemmas IA2.1I and IA2.2I which are used in the proof of 
Theorem 14.11 Perhaps the results of this appendix follow from some general theory of rings 
of polynomials in even and odd variables, but such results are unknown to the authors. We 
formulate the lemmas with the minimal generality necessary for our purposes. 

Let p, q, and r be three sets of supervariables with n + even and n_ odd variables each. 
As above, the notation [p, q] in this appendix means [p,q] = {—1) u paQ.b- 

Lemma A2.1. Let n + > 2 and n- > 0. If F(p,q,r) and G(p,q,r) are polynomials in 
p, q, and r then the relation 

[p,q]F +[q,r}G = (A2.1) 
is satisfied if and only if there exists a polynomial f(p, q, r) such that 

F = [q,r]f(p,q } r) } G = -\p,q]f(p,q,r). (A2.2) 

Proof. First we note that expression (|A2.2|) satisfies equation (|A2.1|) because the poly- 
nomials [p,q] and [q,r] are even. Secondly, it follows from Lemma fA2. 31 that Lemma fA2. II is 
valid for n_ = 0. 

Suppose Lemma fA2. II is valid for ri- = N — 1. Let P, Q, and R be supervariables with 
n + even and odd components: P = (p, /ii), Q = (q, /i 2 ), R = (r, /x 3 ). Then we have 

F(P, Q, R) = F (p, q, r) + faF^p, q, r) + -fHfijFijfa q, r) + ^1/^2^3^123 (p, q, r), 

G{P, Q, R) = G {p, q, r) + HiGi(p, q, r) + -{HHjGijip, q, r) + /ii/i 2 yU 3 Gi 23 (p, q, r), 
[P, Q] = [p, q] + Ajv//i/X2, [Q,R} = [q, r] + AjvM2/"3 

(here, \n = ±1 is the parameter of the form u AB ). By the induction hypothesis, equation 
(|A2.1|) has the following solution: 

F = [q,r]f , G = -\p,q]f 
Fi = [q, r)f h Gi = -\p, q]f h i = 1, 2, 3, 
F12 = -F21 = [q, r]/ia, G?i2 = -G21 = -\p, q]f\2 ~ fo, 
F23 = -F 32 = [q, r]/ 23 - f , G 23 = -G 32 = -[p, q]f 23, 
F 31 = -F 13 = [q, r]f 31 , G 31 = -G 13 = -[p, q)f 31 , 
F123 = [q, r)f 123 + fi, G 123 = -[p, q)f 12 3 ~ fa, 
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where all functions fj (I is an arbitrary index: 0, i, and so on) are polynomials in p, q, and r. 
Introducing the polynomial f(P, Q, R) = f + fiifi + 1/2//^/^ + ^1^2/^3/123, we can rewrite 
the obtained solution in the form F = [Q, R]f, G = — [P, Q]f. 

Lemma A2.2. Let n + > 4 and n_ > 0. If F(p,q,r), G(p,q,r), and H(p,q,r) are 
polynomials in p, q, and r, then the relation 

[p,q}F +[q,r}G+[r,p}G = (A2.3) 

is satisfied if and only if there exist polynomials f(p, q, r), g(p, q, r), and h(p, q, r) such that 

F = [q,r)h- [r,p]g, G — [r,p)f — \p, q]h, H = [p, q)g - [q, r)f. (A2.4) 

Proof is easily obtained by induction and is analogous to the proof of the preceding 
lemma. The case n_ = is considered in Lemma IA2. 41 

Lemma A2.3. Let p be supervariable with n > 2 even components and no odd compo- 
nents. Let F{p), G(p), u(p), and v(p) be polynomials in p such that u{p) and v(p) do not 
depend on p\. Let v\ P2= o 7^ 0. Then the relation 

(pip 2 + u)F + vG = (A2.5) 

is satisfied if and only if there is a polynomial f(p) such that 

F = vf(p), G = -( PlP2 + u)f(p). (A2.6) 

Proof. We perform the following change of variables: the variable x = p\Pi + u is 
introduced instead of the variable p\ and all other variables remain unchanged. Then we 
have p\ = [x, — u) I pi- Let F and G denote the functions F and G expressed in terms of the 
new variables. Relation (jA2.5|) assumes the form xF + v G = 0, where the functions F and 
G are polynomials in x, p2,...,p n , and l/p^, i.e., F,G G K[x,p2, ...,p n , 1/^2]- 

We represent the function G in the form G = G + xG±, where G\ G K[x,p 2 , ■■■,Pm I/P2] 

~ def ~ ~ ~ ~ 

and Go = ^1^=0 G K[p2, ...,p n , 1/P2]- Then we have Go = and F + vG\ = 0. Returning 
to the initial variables, we obtain F = —vGi(p), where G± G K[p, 1/^2]- We expand G\ in 
the powers of l/p 2 : 

N 

where / and fi are polynomials in p such that /j do not depend on P2, i = 1, 2, .... Because 
F is a polynomial and t> | P2=0 7^ 0, we have fi = 0, F = vf, and Gi = — / G K[p]. It hence 
obviously follows that G = —(P1P2 + u)f. 

Lemma A2.4. Let p, q, and r be supervariables with n > 4 even components and with 
no odd components. If F(p,q,r), G(p,q,r), and H(p,q,r) are polynomials in p, q, and r 
then the relation 



\p, q]F+ [q,r]G+ [r,p}H = 



(A2.7) 
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is satisfied if and only if there are polynomials f(p, q, r), g(p, q, r), and h(p, q, r) such that 
F=[q,r]h-[r,p]g, G = [r,p]f - [p, q]h, H = [p, q\g — [q,r]f. (A2.8) 



Proof. We introduce the new variables x = [p,q], z = [r, p] , and u = q\r 2 — q 2 r\ instead 
of pi, P2, and q\. All other variables remain unchanged. Let 

n n n 

V=[q,r], y 2 =y-u=^2 w ' 3 ?i r j> x i = ^PiQi* z<i = £ ^r^-. 

ij'=3 ij'=3 i,j=3 

Because n > 4, we have 7/2 7^ 0. The old variables are expressed in terms of the new variables 
as follows: 

rir 2 (x — x 2 ) + fen + u)(z — z 2 ) r 2 (x - x 2 ) + q 2 (z - z 2 ) q 2 ri + u 

Pi = , P2 = , qi = ■ 

r 2 u u r 2 

Relation (1A"2~7|) assumes the form 

xF + (u + y 2 )G + zH = 0, 

where y 2 G K[p 3 , ...,p n ,r 3 , ...,r n ], and F,G,H G K[x,z,u,p 3 , ...,p n , q 2 , ...,q n , n, ...,r n , 1/u, 
l/r 2 ]. We represent the functions G and H in the form 

G = G -xG 1 , (A2.9) 
H = H ~xH 1 , (A2.10) 

where G h Hi G K[x, z, u,p 3 , ...,p n , q 2 ,...,q n , n,...,r n , 1/u, l/r 2 ] and G = G\ x=0 and # = 
H\ x=0 do not depend on x. 

We obtain F = — (u + y 2 )Gi — zH\. In the initial variables, the obtained relation has the 
form F = (u + y 2 )g — zh, where g,h G K[p, q, r,l/r 2 ,l/u]. We expand g and fa in the powers 
of 1/u: 

n N h 

9 = 9o + Y] — v h = h + V —. 

i=l i=l 

We obviously have g 0) h G K[p, g, r, l/r 2 ] and gi, hi G K[p, g 2 , g n , r, l/r 2 ). Because F is a 
polynomial, it follows that y 2 g^ — zh N = and g i+ i + y 2 gi — zhi = 0, i = 1, N — 1. The 
condition n > 4 implies that y 2 ^ and in view of Lemma [A2.3I we conclude that gi = zji. 
We thus obtain F = yg + g\ — zh = yg — z(h — 71) or 

F = yfi + zu, (A2.ll) 

where p, ^ G K[p, g, r, l/r 2 ]. 

Let M > 1 be the highest power in the expansion of p and v in l/r 2 , i.e., 



_ a M , _ (3 M , da M _ df3 M 



2 '2 
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Here, the functions % and (5m are polynomials and the functions n'^-i anc ^ v 'm-x have the 
degree < M — 1 with respect to l/r 2 . Relation (jA2.11|) assumes the form 

r 2 '2 
2/0 = -?2?"1 + 2/2, Z = + z 2 . 

This relation implies the equation y^cxu + Zq(3m = 0. By Lemma IA2.31 it has the solution 
«m = z ofM, Pm = —yo^M, where <pm is a polynomial. Using the relation qiz Q + piyo = 
q\Z + piy, we find that 

f — VflM-l + ZVm-1, flM-1 — Vm-X + M-X ' U M-X ~ V M-X + M-X ' 

r 2 r 2 

where /im-i and ^m-i are polynomials of degree M — 1 with respect to l/r 2 , and so on. We 
thus have verified that the function F can be represented in the form 

F = yg-zh, (A2.12) 

where g and h are polynomials. 

Analogously, we establish the validity of the following representation for the functions G 
and H: G = zf x + x(g 1 - g), H = x(f 2 - h) + y{g 2 - h), where f u f 2 , c/i, and g 2 are 
polynomials. 

Substituting these expressions in equation (|A2.7|) gives x(yg% + zf 2 ) + yzg 2 = 0. Applying 
Lemma IA2.3I several times, we find that g\ = zipi, f 2 = yip 2 , g 2 = —x((fi + <p 2 ), which 
implies the statement of the lemma with f = fi + x(p\. 
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Appendix 3 

Lemma A3.1. If n + > 2, then the general solution of the equation 

d f( k J) iA„ ( u j\ iA — / -i\ea AB 



dk A 

for polynomials f(k, I) and g(k, I) has the form 



l A g(k,l) } l A = {-l) SA u AB l B (A3.1) 



/(*, /) = H(x, l) = J2 fS>\ 9(k, I) = d JlpR i 

q=0 X 

where f q {l) are some polynomials in I and x = k^l A = [k, I}. 

Proof Multiplying equation (|A3.1J) by k A , we obtain Nkf(k,l) = xg(k,l), which implies 
that f(k, I) = fo(l)+xhi(k,l),wherehi(k,l)isa.poljnomial. Substituting this representation 
for the polynomial f(k,l) in equation (jA3.1|) yields xdhi(k,l)/dkA = l A [h\(k,l) — g(k,l)]. 
Considering this equation for the case A — 1, Ea — and using Lemma IA2.11 we ob- 
tain hx(k,l) — g(k,l) = xgi(k,l), where gi(k,l) is a polynomial. It hence follows that 
dhi(k,l)/dk A = l A gi(k,l) and, therefore, hi(k,l) = fi(l) + xh 2 (k,l) and so on. Substi- 
tuting the expression f(k, I) = H(x, I) in initial equation (jA3.1|) . we obtain the statement of 
the lemma for g(k, I). 

If f(l,k) = ±f(k,l), then all coefficient functions f q (l) do not depend on I, and we can 
write f(k, I) = H(x), where H(x) is a polynomial in x. 

Appendix 4 

Lemma A4.1. If n + ^ 1, then the general solution of the equation 

k A a B {k) - a(A, B)k B a A {k) = (A4.1) 
for polynomials a^(fc) has the form 

Q>A{k) = kAa(k), 

where a(k) is an arbitrary polynomial. 

Proof. Obviously, the expression a A (k) = k A a{k) is a solution of equation (jA4.1j) for 
arbitrary functions a(k). 

We denote the even variables by kj (j = l,...,n + ) and the odd variables by k a , a = 
1 + n + ,...,n- + n + . Applying the operator a(A,B)d/dk B to equation (|A4.1|) . we obtain 
[A^+ + n + + (n_ - NJ) - {-l) £A ]a A {k) = k A da B (k)/dk B , where = kjd/dkj and = 
k a d/dk a . Obviously, the operator [A^ + + n + + (n_ — A^_) — (— 1) £A ] is invertible in the space 
of polynomials if n + ^ 1 and has the only null eigenvector P(k) = k2---k n _+i for n + = 1. 

Thus, if n + ^ 1 then we have a A {k) = kAd{k), where a(k) = k B [N + + n + + (n_ — 
N-)]~ 1 da B (k)/dk B is a polynomial. 

If n + — 1, then there is the additional solution 

di(fc) = k 2 ...k n _ +1 , a a (k)—0, a — 2, n_ + 1. 
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Appendix 5 

In this appendix, we derive a useful representation for generalized functions supported 
by a hyperplane. 

Lemma A5.1. Let u G D'(M n ) be a generalized function of order < N with compact 
support, f G C°°(]R n ), andd x f(x) = for |A| < N andx G suppw. Then we haveu(f) = 0. 
The proof of Lemma IA5.1I can be found in ■ 

Lemma A5.2. For every generalized function u G r D'(W ni+n2 ) whose support is contained 
in the hyperplane x 2 = 0, there is a unique locally finite decomposition 



u 



where u x G X>'(IR ni ) and the summation is performed over all multi-indices A = (Ax, . . . , A n2 ). 

Proof. Let ip G D(M" 2 ) and ip = 1 in a neighborhood of the origin. For every multi-index 
A, we define the linear operator L x ■ 2)(IR ni ) — > T)(W ai+n2 ) by the relation [L\f](xi, x%) = 
(— 1)I A I f(xi)(p(x 2 )x 2 /\\, f G 2)(lR ni ). If a family of generalized functions u x satisfies ()A5.1|) . 
then we have 

u x (f) = u(L x f) (A5.2) 

for any / G 2)(IR ni ) and, therefore, representation ()A5.1|) is unique. We now show that the 
generalized functions u\ defined by (jA5.2|) form a locally finite family satisfying (|A5.1|) . Let 
K be a compact set in R" -1 and x be a function in D(M ni ) equal to unity in a neighborhood 
of K. Let u x be the generalized function with compact support defined by the relation 
u x (xi,x 2 ) = x 2 ) and let denote the order of u x . If |A| > A^ and / G 2)(M ni ), 

then all derivatives of L\f of order < A^ vanish on the support of u x and by Lemma fA5. 11 
we have u x (L\f) = 0. For supp/ C K, we hence obtain 

u x (f) = u(L x f) = u x (L x f) = 0. 

The family u x is therefore locally finite. It remains to show that the relation 

u(g) = (-l) l MLx9x), (A5.3) 

|A|<JV 

where g x (xi) = d x g(xi, x 2 )\ X2 =o, holds for any g G T>(W ll+n ' 2 ) such that supp(7 C K x R"- 2 . 
We observe that the function G = X^|a|<a^( — ^) ' A '^a is, up to the factor p(x 2 ), the Taylor 
expansion of the function g in 22-variable. Therefore, all derivatives of the function g — G of 
order < A^ vanish on the support of u x and we have u x (g — G) = by Lemma lA5. 11 Hence 
the relation (jA5.3|) follows because u(g — G) = u x (g — G) by the above assumption about 
the support of g. 

Appendix 6 

In this Appendix, we prove the existence of representation (|4.47|) for every ((z\f) G E™- 
such that di d ((z\f, g) G D™- for any fixed /, g G D™-. Obviously, it suffices to find Cd(#|/) £ 
D"- such that 

d({z\u) d( D {z\u) 

» A = r\ A ? A= l,...,7l++n_. 

OU A OU A 
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It immediately follows from expression (jHH) for the differential df that ({z\{f,g}) G D™- 
for any fixed f,g G D™~. This implies that C(z|c?/ / c?w A ) G D™~ for any / G D™~, and 
the existence of C-d(^IZ) with the required properties is ensured by the following lemma (for 
simplicity, we formulate this lemma for the case n_ =0). 

Lemma A6.1. Let generalized functions Tj G D'(IR ni+n2 ) ; i = l,...,ni, satisfy the 
conditions 

dTi dTj ,. . 

and /et £ne function ip G ©(M™ 1 ) fee such that 



<p(x) dx = 1. 



For^ G 2?(M ni+n2 ) ; set 



i=l 



where 

ip%x,y) = I dt I dx'x'\{x-tx')il}{x + {l-t)x',y). (A6.2) 



i 

o 

Then the functional T belongs to T>'{W ll+ri2 ) and satisfies the conditions Tj = dT/dx 1 for 
every i = 1, . . . , n\. 

Proof. Obviously, the integral in the right-hand side of (|A6.2|) is convergent for any x and 
y, and iff* are C°°-functions on R ni+n2 . We show that ijj* G D(R ni+n2 ). Let R > be such that 
suppy? C {x G lR ni | \x\ < R} and supp^ C K R = { (x,y) G R™ 1+ ™ 2 | max(|x|, \y\) < R}. It 
follows from (jA6.2j) that ip 1 can be nonzero only if 

\x-tx'\<R, \x+ (1 -t)x'\ < R, \y\<R. 

This implies that \x'\ < 2R and, therefore, \x\ < 3R. We thus have supp?/>* C K 3 r and ip l G 
X)(R™ 1+ri2 ). Let D(K) denote the space of smooth functions whose supports are contained 
in a compact set K. As shown above, ip 1 G D(i^3/j) for ip G D(Kr). We now check that the 
mappings L l : r D(W ai+n ' 2 ) — > 2)(IR ni+Tl2 ) taking ip to ip % are continuous and, as a consequence, 
T G ©'(IR™ 1 " 1 "™ 2 ). It suffices to show that L l are continuous as mappings from T)(Kr) to 
D(K 3 r) for every R > 0, i.e., that for any ^ G D(i^^) and every k — 0, 1, . . ., the inequality 
H^IU — CllV'Ifc' holds, where 

and C and k' depend only on k and R (but not on ip). For |A| < we have 
\d x ^{x,y)\< f dt f dx'\x' l d x [ V (x-tx')ij(x+(l-t)x',y)]\<2 k [ dx' IMUIMU- 

JO J|x'|<2_R J|x'|<2il 

Hence H^IU < C||^!||&, where 

C = 2 k [ dx'y\\ k . 

J\x'\<2R 
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We now verify that Tj = dT/dx l . Performing the change of variables x' — > (x — s)/t in 
the integral representing L l dip j dx 3 , we find that 



i d _± 
dx J 

where 



x, y) = / dt ds 



x % — s % 



J R n i 



t" 



d 

dxi 



4 | £±izl)£, „ 



_d_ 

dxi 



¥{x,y)-5 i j ${x,y), 



dt / ds : 



t 



JR n i 

tdt / dx'x n tp(x — tx')ij){x + (1 — t)x',y), 

I 1 JR n i 

JW 1 ! 1 \ 1 

dt I dx'(f(x — tx')ip{x + (1 — t)x' , y). 



(A6.3) 



(A6.4) 



As in the case of Uip above, we make sure that $, G 2)(IR ni+n2 ). We therefore have 



dT 

dxi 



WO = ~T 



dip 
dxi 



i=i 



i=l 



+ T,($) 



where (IA6.1J) has been used for deriving the last equality. But it follows from ()A6.3j) and 
flX6~4|) that 



i=l 



1 d 

dtt— / dxV(a ; — tx')ip(x + (1 — y) 



dt J^n 1 

= tp(x, y) J dx'(p(x — x) — y) = ip(x, y) — &(x, y). 
We hence have [dT/dx^] (ip) = Tj(ip). 

Appendix 7 

We discuss here the solution of the cohomology equation (|3.11|) for M 3 |i oc . In this Ap- 
pendix we write the upper indices "(tr)" or "(ad)" at corresponding forms. 

Let us establish a correspondence between the forms M^_\ and Mp . Namely, let 



M^_\(f, g,h, . . .) — J ■ ■ ■ dvdudzm. 



(tr) 
p+1 



z,u,v,...)f(z)g(u)h(v) 



and 



M^ d ' a) (z\g,h) = / . . . dvdum^ d ' a) (z\u,v,)g(u)h(v) 
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Then the correspondence is defined by the formula 

m p * d ' a \z\u } v, ...)= m { p %(z,u,v, . . .), e(M^) = e(M^\) + n_ , (A7.1) 

where upper index "a" means that the kernel m p ad,a \z\u, v , . . .) is completely antisymmet- 
ric under transpositions of all coordinates including z. Such forms Mp ad,ct ' 1 are called here 
completely antisymmetric. Conversely, having completely antisymmetric form Mp ad ' a \ we 
can construct the form M^\. with the help of the same correspondence (|A7.1|) between the 

(tr) 

kernels. In such a way, there exists a one-to-one correspondence between the forms M p+1 
and completely antisymmetric forms Mp ad ' a \ The following relation 

(-l) n - p a(f, M^) J dzf{z)M^ a \z\h, ...) = M^\(f, f u . . .) 

takes place. 

The form Mp tr ^ is called local M^ c , if it equals zero in each case when supports of 
some two arguments do not intersect. Analogously the form Mp (z\ . . .) is called local 
^pjloc^l ■ ■ ■)> ^ it equals zero in each case when supports of some two function- arguments 
do not intersect or when the support of some function do not intersect with the point z. 

Evidently, the relation (jA7.1|) defines the one to one correspondence between local forms 
M ( 2„ andM ( f a) . 

p+l|loc p|loc 

Let us establish the connection between the actions of differentials on Mp ad,a ' ) and M^\. 

The expression for dt^Mp' ^ is defined by formula ([2.6)1 . Apply the operator 

(— l) n - p a(f, Mp ad ' a ^) J dzf(z) to this expression. In view of (|2.8|) the first term of the first 
sum in ([2.6)1 is rewritten as 



-l) n - p a(f, M^ a) ) J dzf(z)a(fi, M^){h{z),J. . . dz 1 m i f^{z\z l , . . .)/ 2 (*i) • • • } 
: (-l) n - p a(f, M^Hh, M^)[dz{f(z), h{z)}J. . . dz 1 m p ad ' a \z\z 1 , . . .)f 2 {z x ) ■ ■ ■ 

. . dz 1 dzm^ a \z\z 1 , . . .){/(*), fi(z)}f 2 ( Zl ) ■ ■ 



which exactly coincides with the first term (i = 1, j = 2) in the expression ()2.5[) for c? P r +1 Mp+|. 
For the other terms, we similarly obtain 

^ ad,a) ) / dzf{z)dfM^ a \z\h, ■■■) = 4+i M i3(/> A. • • •)• 

It hence follows that the relation (jA7.1|) determines a one-to-one correspondence between 
the closed forms (cocycles) Mp ad ' a ^ and M p ^\: 

If the form M p ^\ is exact (coboundary), M p ^_\ = d p Mp tr \ then the corresponding form 

Mp ad,a ' ) is also exact, Mp ad,a ' ) = dp^M^'^, where M p ^{ a ^ is constructed from Mp by 
(EH)- 
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The converse statement is not valid. 

We now solve equation (J3.11|) for the form using the general form (|4.27|) of the solu- 

tion of the cohomology equation (j4.12|) for the form M^ c . From the above it follows that for 
constructing M^ c (f, g, h), one has to take the completely antisymmetric part M^'®\z\g, h) 
of M^ c (z\g, h) or, which is equivalent, to take the antisymmetric part of the form 



V(f,g,h) = a(f,Mt ) ) I dzf(z)M^> c (z\g,h) = V l U\g,h) l + V 2 (f,g,h) 



(ad), 



Vi{f,g,h) = a dzf(z) 



9{z) 



dz A dz B 

K 



h{z) 



V 2 (f,g,h) = a(f,M 2 ) I dzf(z)dfT 1 (z\g,h), T x {z\g) = jN^)^)^). 

J p=0 

As has been already noted above, the functional V±(f,g, h) is antisymmetric w.r.t. /, g, 
and h. The functional V2(f,g, h) can be rewritten as 

V 2 (f, g, h) = a(f, M 2 ) Jdzf(z)[a(g, M 2 ){g(z),T 1 (z\g)} — cr(g, h)a(h, M 2 ){h(z),T 1 (z\g)} — 

-TM{9, h})] = f ({/, g}, h) - a(g, h)f({f, h}, g) - T (/, {g, h}) = 
= [T_({/, g}, h) - a(g, h)T„({f, h}, g) - T_(/, {g, h})} + 
+[T + ({f, g}, h) - a(g, h)T + ({f, h}, g) - T + (f, {g, h})} = 

= V 2 4f,g,h) + V 2+ (f,9,h), 

where 



K 

f(f,g)= / dzJ2t (C)p (z)(-l) l£cll ' p£{f) f(z)(d z c yg 
J p=0 

T±{f,g) = l[f(f,g)±a(f,g)f(g,f) = ±a(f,g)T ± (g,f). 
Note that the functionals T±(f,g) have the same structure as the functional T(f,g): 



r K 

T ± (f,g)= / dzY,€ )p ^){-^ ecMf) f^Wc) P 9{ 

J p=0 



K 



4 c ^(z) = t^(z)±J2^(d z D ) q - p t^-^(z)(-l) 



_1 \q+(\sc\l,p + \SD\l,q-p+s(M2))\e D \l,q-p 



q=p 



Obviously, the functional 



V 2 -.{f,g,h)=d*T..{f,g,h) 
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is completely antisymmetric. By construction, the functional V2 + (f,g,h) is antisymmetric 
with respect to g and h. Imposing the antisymmetry w.r.t. / and g yields 

T+{f, {g, h}) + a(f, g)T + (g, {/, h}) = 0, 



f^(t^(z)(%YMz),h(*)}) - (-ir {£(M2)+|£dl - )|£dl -{(^) p [t ( ^w^W],M^)}) = o. 

p=0 ^ ' 

(A7.2) 

Let K > 0. In this equation, we consider the term with the highest derivative of the 
function h(z) whose order is equal to K + 1. It enters only the first term of (jA7.2|) and has 
the form 

tf )K (z)(d z c r^h(z) = o. 

This implies that 

(C) 

Analogously, we make sure that all coefficient functions t + (z) with p > 1 vanish. As a 
result, equation f)A7.2|) is reduced to 

{t {c)o (z),h(z)} = t (c)o (z) = b = const, e(b) = e(M 2 ) + n_, 

which gives 

y 2 (/, g,h)=b [ dz{f(z),g(z)}h(z) = b [ dzf(z){g(z), h(z)}. (A7.3) 



Here, the functional V2(f,g,h) is completely antisymmetric and, therefore, is a cocycle in 
the trivial representation. 

For n + = n_, this cocycle is trivial. Indeed, we have 

J dz{f(z),g(z)}h(z) = t%n(f,g,h), 

where 

M9) =-\j dzz A ^0-g(z) = -a(f,gMgJ). 
Let us show that for n + ^ n_, the cocycle f)A7.3|) is nontrivial. Indeed, suppose the relation 

b J dz{f(z),g(z)}h(z) = d$M« r (f,g,h) = 
= Mf ({/, g}, h) - a(g, h)M?({f, h}, g) - Mf (/, {g, h}). (ATA) 
is valid. Choosing the functions f,g, and h such that 

supp (/i) P| supp (/) (J supp (#) = . 
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we obtain 



M?{{f,g},h) = 0, 



As shown in the section 13.21 this equation implies that 

M 2 {f,g) = cfg + M 2{2 (f,g), 



where the expression for the local form M 2 \ 2 (f,g) is given by (J3.4j) . Equation (jA7.4j) is 
reduced to 



b j dz{f(z),g(z)}h(z) = M 2[2 ({f, g}, h) - a(g, h)M 2{2 ({f, h}, g) - M 2{2 (f, {g, h}). (A7.5) 

The total order of the derivatives in the left-hand side is equal to 2 and repeating the 
arguments of section 13. 2\ we conclude that one should set Q = 1 in the expression ()3.4|) for 
M 2 \ 2 . Equation ()A7.5j) is reduced to 

{f(z),g(z)} = 2[a(A, f){m A , /} - a{f, g)a{A, g){m}, g}^j] - m{f, g} + 



dz A 

+{ m > f}9 - 9){m, g}f. 



Further following the arguments of section l3~2~l we obtain 



m(z) 



d 

dz A 



m(z) = m = const, e(m) = n_ + e(M 2 ), 



2m A (z)^u CB - 2a{A, B)m B ^u CA + ( m + 
oz c oz c 

(4 + n + — nJ)m = 0. 
The general solution of equation (jA7.6J) is 

m 2 (z) = -~(m + b)z A + hm 2 {z)-^u BA . 



Hence it follows that 



n--n + 
m = [m + b). 



(A7.6) 



(A7.7) 



Since n + ^ n_, it follows from (jA7.7|) that equation (|A7.5|) has a solution only for b = 0. 

(tr) 

The general solution of the cohomology equation for M^ c thus has the form 



M^ c (f,g,h) = a I dzf(z) 



9i*) 



+ 



+b / dz{f(z),g(z)}h(z) +d«M«(f,g,h). 



(A7.8) 



41 



For n + ^ n_, the first two terms in this expression are independent nontrivial cocycles. 
Indeed, suppose that 



a / dzf(z) 



b I dz{f(z),g(z)}h(z) = 

= d%M*(f,g,h). (A7.9) 



Equation ()A7.9|) means that the form ag(z) fgf^^^gfs-l h(z) is a trivial cocycle in the 

space of the forms taking values in adjoint representation (recall that the form {g(z), h(z)} 
is trivial cocycle in this space). As it was proved above, this is possible only for a = 0. But 
we have just seen that in this case, equation (|A7.9J) has a solution only for 6 = 0. 
If n + — n_, then the first term in (|A7.8|) is the only nontrivial cocycle. 
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